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INTRODUCTION 
Choquet [5] defined barycenters and established the representation of the 
points of a convex, compact subsets of a locally convex space, by means of 
measures “supported” by extreme points. Bauer [I] proved that a point x 
of a convex compact subset of a locally convex space is an extreme point if and 
only if eg is the only probability Bore1 measure on that set representing x. 
In this paper we take a bounded, closed, convex subset X of a locally 
convex space E and denote by M, the set of all nonnegative, regular, finitely 
additive, each of total mass 1, measures on the field generated by 28’-sets [16]. 
MO , M, , M, are the subsets of M consisting of all a-additive, all r-additive, 
and all tight measures in M. The barycenter of a p EM, is a point x E X, 
if it exists, such that p(f) =f(~), VIE E’, the topological dual of E. We 
generalize some results of Bourbaki ([3], Ch. III, Section 3) and then prove 
that every element of M, has a barycenter in X if X is complete and some 
stronger results in particular cases. 
When X is complete it is proved that x is an extreme point of X if and only 
if E% is the only element of M, having X as its barycenter. For weak topology 
on E, necessary and sufficient conditions are obtained for an extreme point 
to be the barycenter of no other element of M than E% . Some examples and 
counterexamples are given. Statements equivalent to the Krein-Milman 
Theorem are given in terms of barycenters. 
Notation 
We follow Schaefer [14] for locally convex spaces (which are assumed to 
be Hausdorff and over the field of real numbers), Varadarajan [16] for meas- 
ures, and Kelley [9] for nets and subnets. C,(X) denotes the set of all real- 
* This paper is mostly a part of the Ph.D. thesis submitted to the University of 
Illinois, Urbana, Illinois in 1968. 
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valued bounded functions on X. We know [16] there is an order preserving 
one-to-one correspondence between the positive linear functionals on C,(X) 
and positive, regular, finitely-additive measures on X. We shall use the facts 
that 
(i) /.L E M, if for each sequence (fn) C C,(X), with fn J 0, we have 
cL(fn)+O; 
(ii) TV E M, if for each net ( fo)ole,, with(h) C G(X) andf, 4 0, &J-+0. 
Also a p E M, can be uniquely extended to a regular countably additive 
Bore1 measure on X ([ll]); we shall denote this Bore1 measure also by p. 
(iii) p E M, if for each net ( fm) C C,(X) with ((f. 1) < 1 and fa+ 0 uni- 
formly on compact subsets of X, p( fJ -+ 0. 
We shall use many properties of these measures given in [16]. M,, will denote 
the set of all elements of M which have barycenters in X. On M we shall 
always take weak topology [16]. For a subset A C E, K(A) will denote the 
convex hull of A in E. Instead of saying x is the barycenter of TV, sometimes 
we shall say p represents x. 
1. VECTOR INTEGRATION 
Let X be a completely regular HausdortT space, E a locally convex space 
and M, MO, M, , M, have usual meanings. For a p E M, let S’(x E; p) 
denotes the set of all f : X -+ E, such that f (X) is bounded in E and (f, z') 
is p-integrable Vz’ E E’ (see [7], Ch. III). We fix p EM, and we shall write 
@X, E) for S?(X; E; p) if no confusion arises. 
DEFINITION. For an f E&%(X, E), we define sf dp E E’* as: 
We prove some properties of this vector integration. 
PROPOSITION 1 .l. Let u : E + F be a linear continuous mapping, E and F 
being locally convex spaces. Then Vf ES?(~ E) u of E.C~(Z F), and 
j-uofdP= ““uJfd/~. H ere Q : F’ -+ E’ is the transpose of u restricted toF 
([14], p. 128) and % : E’* -+F’* is the transpose of k. 
PROOF. For every y’ EFI, <u of, y’) = (f, %(y’)), which is p-integrable. 
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Also u of(X) = u(f(X)), an d since u is continuous and f (X) is bounded, 
u( f(X)) is bounded. This proves ZJ o f E 22(X; F). Further, 
(I uofdp,y’ = (~of,y’>h > s 
= (f, tu(~‘)) dp s 
= (jfh ‘u(r)) 
which proves the result. 
PROPOSITION 1.2. For every f .s g(X; E), Jf dp E k( f (X)), where closure 
is taken in (II’*, o(E’*, E’)). 
PROOF. If sf dp$k( f(X)), th en by Separation Theorem, there exists a 
x’ E E’ such that (sf dp, z’> > SUP,,~( f (x), z’) = C, say. Thus (f, z'> < C 
on X 
a contradiction. 
PROPOSITION 1.3. If f : X-P E is continuous and bounded, then -- 
k{ f (X)) = (Jf dp 1 p E M} in the notations of Prop. 1.2. 
PROOF. Let MO denotes the convex hull of point measures in X, then Me 
is dense in M in weak topology [16]. Consider the mapping 1 : p --+ If dp, 
from M+ E’*, with weak topology on M and o(E’*, E’) topology on El*. 
Take a net in M, 
s- (j-fd/d)- (j-fdp,a’) 
3 1-f dpm+If dp in +3’*, E’) 
+ 1 is continuous. 
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Now 5Wo) = @f(X)), considering E to be a subspace of E’*. Since 1 is -___ 
continuous, t(M) = {(ma) C [(M,,) = k(f(X)); on the other hand, since M - ____ 
is compact, t(M) is closed and so c(M) 3 [(Ma) = k(f(X)). This proves 
5(M) = Nf(Xb 
PROPOSITION 1.4. Let f E 9(X; E) and $f dp E E. lf p is a continuous 
semi-norm on E such that p of is +ntegrable, then p(Sf dp) < Jp of dp. 
PROOF. Since D = {x E E 1 p(x) < 1) is a closed, convex subset of E and 
0 ED, D = Doe, the bilpolar of D ([14], p. 126). z’ E Do a 1 (z, z’) 1 ,< 1, 
Vx E D. Ifp(f(x)) = 0 for some x E X, then h( f (x)) E D, V real h. This means 
1 Of(x), z’) I < 1, Vz’ E Do 5 ( (f(x), z’) I = 0, Vx’ E Do, and so 
I <f(x), x’> I < P(f (x)), v x’ E Do. If p( f (x)) > 0 for some x E X, then 
[f (X)/P(f @>>I ED which implies that 1 (f(x), x’) 1 ,< p( f (x)), Vz’ E Do. 
Thus in any case I (f(x), z’) 1 < p( f (x)), Vx’ E Do and Vx E X. 
* I (jfdp,x’) / < Spofdp, VZ’EDO. If Spofdp=O, then 
1 (h sf dp, z’) I = 0 for every real X and Vz’ E Do, which implies that 
h sf d,u E Do0 = D, which proves that p( J-f dp) = 0. If Jp of dp > 0, then 




which gives p( Jf dp) < fp of dp. 
PROPOSITION 1.5. Suppose f : X -+ E is continuous and bounded, p E M, , 
andf (X) is contained in a complete, convex subset A of E such that 0 E A. Then 
.ffdpEE. 
PROOF. p being tight, there exists asequence (K,) of compact subsets of X, 
such that p(K,) > 1 - l/n, V n and the sequence (K,) is increasing (Note /.L 
is also a regular countably additive bore1 measure [I 11). Denote fn = xKnf, 
then fn(X) = f (K,) or f (K%) u (0) C A. Since A is complete, the closed 
convex hull offn(X) in E is also compact. Now a(E’*, E’) induces the topology 
a(E, E’) on E, so by Prop. 1.2 sfn dp E K( fn(X)) C A, since a compact con- 
vex set is also u(E, E’)-compact. Let sfn dp = x, . Assume (P&,~ to be the 
family of seminorms generating the topology of E. For any two positive 
integers m, n, and OL E I, by Prop. 1.4, 
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where rlo = SUP,,X ~&f(x)) [since f(X) is b ounded and p, is continuous we 
have Q < a~]. Now 
which proves that (x,J is a Cauchy sequence and since A is complete, let 
x, --f x E E. To see that lf dp = x, take 
z’EE’,(jfJtL,Z.)=lim j~x,(f,21)& 
= lim (x, , z’) = (x, z’). 
This proves the result. 
2. EXISTENCE OF BARYCENTERS 
THEOREM 2.1. X is a complete, convex, bounded subset of E, a locally convex 
space. Then every TV E M, has a barycente in X. 
PROOF. X, being complete, is closed in 8, the completion of E. Since the 
identity mapping i : X-t l? is continuous and bounded, by Prop. 1.5. 
s i dp = y E e. If y # X, there exists f E E’ = E’, such that Supf(X) <f(y), 
which implies that sf dp <f(y), a contradiction of s i dp = y. Note: By 
i?’ = E’ we mean that every element in E’ has a continuous extension so as 
to become an element of i?. 
THEOREM 2.2. X is a complete, convex, bounded subset of a locally convex 
space E such that one of X and E is separable, Then every TV E MO has a bary- 
center in X. 
PROOF. Assume first hat E is separable, which implies that ,!? = EI , 
the completion of E is also separable. We know that E; = E’. Consider the 
linear mapping 
P : (E; , @; , Ed) -+ R, P(f) = jf,x dP> VffE;. 
We prove that p is continuous. Since E1 is complete, by [14] (Cor. 2, Theo- 
rem 6.2; p. 149, we need only to prove that t.~ is continuous on every equi- 
continuous subset of Ei . Let H be any equicontinuous subset of E;; since 
E1 is separable, H is met&able in o(E; , Er) ([14], Theorem 4.7, p. 87). So, 
to prove that p is continuous on El, we take a sequence fa -+ f in H. Now H 
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equi-continuous and X bounded implies that {Sup If(X) j /f E N} is bound- 
ed, which means that \ fm \ < C, Vn, on X, C being some positive real number. 
It follows that p( fn) -+ ,u( f ), by L e es ue b g d ominated convergence theorem. 
This proves that p has a barycenter in E1 , since (E; , o(E; , E,))’ = E1. 
Since X is closed in Ei , it easily follows from Separation Theorem that the 
barycenter lies in X. 
If X is separable, then the closed subspace generated by X will be a 
separable subspace E, of E. From what is proved above it follows that for 
every p E M,, , there exists x E X, such that p(f) = f (x), Qf E Ei . But for 
any g E E’, &E, E E; 7 which means p(g) = g(x), Vg E E’. Thus p has a 
barycenter in X. 
We give an example to prove that the assumption of completeness is 
necessary in the above theorem. 
EXAMPLE. E = space of bounded sequences with finite number of non- 
zero terms, with “I1-norm” topology. Let X = closed convex hull of 
{pm 1 n = I,2 ,... },where p, = (0,O ,..., 0 I,0 ,... ),‘1’ in the nth place. It is 
immediate that X is bounded. Define p E M, as 
If possible, let y = (rl , ya ,..., y , , 0,O ,...) be the barycenter of b. Take 
f 6 E’, f = (0 ,..., 0 1, 1, 1, l,,.. ),the first “1” in the (n + 1)th place. Now 
p(f) =f(r) = 0, but also 
P(f) =A (1 + ; + & **a) # 0. 
So we have a contradiction. 
THEOREM 2.3. If X is complete, met&able, convex, bounded subset of a 
locally convex space E, then every p E M, has a barycenter in X. 
PROOF. ~1 being T-smooth is concentrated on a closed separable subset C 
of X. Let X 1 = k(C) C X, then p is concentrated on Xl and X1 is complete 
and separable. Theorem 2.2 now gives the result. 
PROPOSITION 2.4. If the separability character [12] of X in the Theorem 2.3 
is zero, then every p E MO has a barycenter in X. 
PROOF. From [12], p is concentrated on a separable subset X0 of X; 
MEASURES AND BARYCENTERS 109 
the closed convex hull of X,, will also be separable. Proceeding as in Theo- 
rem 2.3 we get the result. 
In particular if the cardinality of a complete, convex, bounded, metrizable 
subset of a locally convex space is less than first inaccessible cardinal, the 
above proposition holds. 
THEOREM 2.5. X is weakly complete, convex subset of a locally convex space, 
and p E M such that f IX is p-integrable for every f E E’. Then p has a barycenter 
in x. 
PROOF. Consider the mapping v: X-+ RE’, q(x) = (f (x)),EE, . Since X 
is convex and weakly complete, it is easily seen that p(X) is a closed, convex 
subset of the locally convex space RE’. If p = (p( f ))f&’ .$ v(X), then they 
can be strictly separated by an element of (RE’), say Q, i.e., 
Q(p) > Sup Q(p(X)), which means p(h) > SUP,,~ h(x), where h = xTGl uifi 
and Q = (al , a2 ,..., a ,). But this is a contradiction. Thus p E v(X) which 
means p has a barycenter. 
3. BARYCENTERS AND EXTREME POINTS 
THEOREM 3.1. X is a complete, convex, bounded subset of a locally 
convex space E such that either X is separable or E is separable. Then 
x E ext X if and only if Ed is the only element of M, which represents x. 
PROOF. If x 4 ext X, then x = (y + 2)/2 for some y and x in X, which 
means 4 (ey + EJ E M, represents x and is not equal to cZ . Conversely 
suppose x E ext X, ~1 E M, and p represents x . p is also a countably additive 
Bore1 measure ([ll], p. 144). We shall prove that p(H) = 0, H = X - {x}. 
If b(H) > 0, there exists an x, E H, such that p(V) > 0, for every open 
neighborhood V of x,; for, if not, there exists, at every point of H, an open 
neighborhood, which we may take to be a @-set (since X is completely 
regular, this is possible), which is p-null, which implies p(H) = 0 because of 
T-smoothness of y. 
Let K, be a closed convex neighborhood of x,, , such that x $ K, . Then 
p(K,,) = 01 > 0; also p(K,,) < 1, for otherwise x E K0 . So 0 < OL < 1. 
Define pi E M, , pz E M, as: 
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for every P in the u-algebra generated by LZ’-sets, which means that 
P = Wl + (1 - a)/+ a x = owe, + (1 - gx2, 
x1 , xa being the barycenters of tar , t~s . Now x, E K,, and as such x f x,; this 
is a contradiction since x is an extreme point. Thus p(H) = 0 and as such 
p = EZ . 
THEOREM 3.2. X is a complete, convex, bounded subset of a locally convex 
space E. Then x E ext X o el is the only element of M, representing x. 
Proof is quite similar to Theorem 3.1, the only difference being that in 
this case we have to prove that pr , ,LL~ defined in Theorem 3.1 are tight meas- 
ures in X. But this is immediate by ([16], Theorem 29, p. 179). 
Next we obtain a necessary and sufficient condition that ea: be the only 
element of M representing an extreme point x, with weak topology on X. 
We first prove the lemma: 
LEMMA 3.3. Let Y be a subset of a completely regular Hausdorff space Y, 
and p a regular, nonnegative, $nitely additive measure, of total mass 1, on Y, 
such that p(gl r) = g(x), Vg E C,( YO), where x E Y. Then u = E% . 
PROOF. Take h E C,(Y), with (/ h Ij < 1, h(x) = 0, and E > 0. Since 
~,={y~YIIWI< 1 P E is o en in Y, there exists an open subset L’s in Y, 
such that Y n V, = VI. Take g, : Y,, -+ [0, I], a continuous function such 
thatg,=OonSYo~~andgz(x)=l,andletg,=g,~y.NowIIhfg,II~1+~ 
in Y, which implies 
I tL(h) f g&9 I 6 1 + 6. 
Thus 1 u(h) < E, 2 p(h) = 0 = h(x). N ow we can easily prove that TV = E$ . 
THEOREM 3.4. X is a closed, convex, bounded subset of a locally convex 
space E in its weak topology, x an extreme point of X, H C E’ such that in the 
mapping q~ : X + RH, x -+ (f (x))f.H, X is homeomorphic with v(X) (This is 
evidently true when H = E’), and v(X) is closure of v(X) in RH with product 
topology. Then ez is the only element of M with represents x if and only ij 
dx) E 4plFi))* 
PROOF. The topological dual of RH is GhsW R,(RI, = R, Vh). Since X and 
p(X) are affinely homeomorphic, q(x) is an extreme point of v(X). Assume 
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that v(x) E ext y(X), p E M and TV represent x. TV induces a measure pi = U~-l 
on v(X). Define a measure pz on v(X): 
It is easily checked that p2 represents v(x). But the only measure on the 
compact, convex set y(X) representing y(x) is l rntz) , and thus 
Applying the above lemma, we get pi = <0(z) Z- p = cz . 
Conversely suppose v(x) $ ext y(X); then there exists y, z E y(X), such 
that y(x) = (y + 2)/2 and y # x. => 3 nets (pJUEr, (g,JoEJC X, such that 
dPa) - YY rpw - x7 PE - 77 Pa - I, $,Z E X, the Stone-tech compactifica- 
tion of X, 
Consider the measure p = 4 ci’ + $ ci E M. For any f E E’, 
df) = lim MPJ + lim itf(gd = f(x). 
Also 9 # x, for otherwise p, --f x, + v&)--f q(x), 3 y = y(x), a contra- 
diction. This completes the proof. 
We shall give some examples. 
EXAMPLE 3.5. Here we give an example in which 6% is not the only 
element of M representing x E ext X. Let 
E = c,, 
A = {(I, 1, *1 , Xl , x2 , x2 ,...) I 0 < xi < 1, xi -1 O}, 
~=~(-l1,-yl,-yl,-yy,,-Yy,,...)/Ody,~1,y,10). 
Then A, B, (0) are convex subsets of both E and RN. We take weak topology on 
E and product topology on RN. ‘I=” will denote closure in RN and the overbar 
will denote closure in E. Let X = k(A u B u {0}), then X is a closed, con- 
vex, bounded subset of E. The identity mapping y : X + RN makes X and 
v(X) affinely homeomorphic ([7], p. 339). Since X 3 A u g and 
(1, 1, l,... )E& (- 1, - 1, - l,... )~8, so O$extcT). We shall prove 
that 0 E ext X. Assume 0 6 ext X, + 3y E X, z E X, such that y + x = 0, 
y#O, z#O. But XCK(WuBu(O}) since wUfjU{o} is the union of 
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convex compact sets and therefore their convex hull is also compact and hence 
closed. Thus y, z E k(A u B u (0)): 
where 
Nowy+z=O+ 
0 # Al + 4. = CL1 + Pz = Ply1 + PA 9 
hxi + 42% = PlYi + Pdi = PlYi+l + Pdi+l 9 l<i<co, 
* PlU -YJ + Ed1 -A) = 0, PlLI(Yi -Yyi+l) + h(ji -9d+l) = O* 
Consider the following cases: 
I. p1 = 0. This gives 
Pz f 0, *ji=jj+1=1, vi, 
3 x,x, + A‘& = A, + h, ) =z=- X,(1 - Xi) + A,(1 - 5%) = 0. 
Since p1 = 0 implies A, # 0, we have xi = 1, Vi. Thus y = (Ai , Ai , A, ,... )
Since A, # 0, this is not an element of E, a contradiction. The case when 
pa = 0 is disposed off in a similar way. 
II* Pl#O, &#O- dY1=&=l, Yi=.Yi+l, 3ii+l=ji* 
*yi =gi = 1, =P Ml - Xi) + )\a(1 - G&i) = 0. 
If Ai = 0, then ha f 0, and thus & = 1, 3 z = (Aa - pa, A, - pa ,... ),
+ z = 0, a contradiction. Similarly ha # 0. Thus xi = ki = 1, which gives 
y = 0, z = 0, a contradiction. Thus 0 E ext X. Theorem 3.4 now gives the 
result. 
EXAMPLE 3.6. Let E = c, and X the unit ball in E. We take weak topo- 
logy in E. The mapping QI : X -+ RN x R, , where R, = R, 
dx) = ((Xi)ieN, xaz), x~ = lim xi , makes X and v(X) a&rely homeomorphic. 
Ifx=(xi)EextX,thenIxiI=1,Ix,I=1.Let~(x)=(y+2)/2,where 
y and z~q(X). S ince X is unit ball, 1 (v(p))* 1< 1, Vp E X, Vi E N and 
i = CO, which implies that 1 (T)$ 1 < 1, VT E q(X). NOW I (yi + Xi)/2 1 = 1, 
so yi = xi = f 1 G= p)(x) E ext v(X). By Theorem 3.4 E@ is the only element 
of M representing x. 
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EXAMPLE 3.7. In the case of the unit ball X of 4 = E, even in the norm 
topology, Ed is the only element of M representing x E ext X. 
To prove this let x = (1, 0, O,...), p E M, and x the barycenter of CL. Take 
f0 = (1, 0,O ,...) E Z, = E’, then fs(x) = 1 and f&y) < 1, ‘dy E X w {x}. 
Let (x,),,~ be a net in X such thatf,,( x .) ---f 1. We shall prove that x, -+ x. Now 
fo(xJ + 1 => x!’ -+ 1, where 
since 11 x, 11 < 1. Now 
II % -al,~l~~)-ll+~ls~)l~O, 3 x,-+x. 
i=2 
Define a measure ,!z on x, the Stone-Tech compactification on X as: 
,W = &lx), Vg E C(x), then ii<.&> = c~(fJ =f&) = 1, -6 being the 
continuous extension off,,, to 2. This gives fi(l - f,) = 0. Now 1 - f”, > 0 
on x. Suppose &y) = 1, for some 9 E x, 4 a net (x& C X, such that 
x, -9, => fO(xa) -+ 1, =P x,--f x, * y = x. Thus rS;(J? - {x}) = 0, which 
implies p = cz , * p = E% . 
In the next theorem we shall derive an equivalence of “Krein-Milman’s 
Theorem” in terms of barycenters. 
THEOREM 3.8. X is a closed, convex, bounded subset of a locally convex 
space E. Then the following statements are equivalent :
(i) X is the closed, convex, hull of its extreme point. 
(ii) Every x E X is the burycenter of some p E M, which is supported by 
every %o-set containing ext X. 
PROOF. (i) * (ii). Let P = ext X. Take any x E X. Then there exists a 
net (xJrrsl C h(P), such that “c, -+ x. Let 




From the net of measures I*= = 2:~~ Ai”) E#, we take a subnet (,.+&Er 
such that ps --+ TV E M. For any f E E’, p(f) = limf(xs) = f (x) which 
means that x is the barycenter of p. Let Z be any g-set containing P, then 
@Y) > limpa(Z) = 1 ([16]), + ~(2) = 1 and so ~1 is supported by 2. 
(ii) -+ (i). By (ii) ext X # +. Let K = K(ext X). If possible let x0 E X--K. 
By (ii), there exists a p E M, representing x0 , such that p is supported by 
409127/1-8 
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every &‘-set containing ext X. By Separation Theorem, there exists f E E’, 
such that Sup f (K) < C <f (x0) for some real C. The s-set 
evidently contains ext X, and so ~(2) = 1. Now 
p(f) = Izfh G C <f(4 
a contradiction. This proves the result. 
ACKNOWLEDGMENT 
Thanks are due to Professor A. Ionescu Tulcea for her useful suggestions and help 
in the writing of this paper. 
1. H. BAUER. Silovscher Rand und Dirichletches Problem. Ann. Inst. Fourier 11 
(1961), 89-136. 
2. H. BAUER. “Konvexitiit in Topologischen Vektor-Riiumen,” Lecture Notes, 
University of Hamburg, 1963-64. 
3. N. BOURBAKI. “Elements de Mathematique, Livre VI, Integration,” Chaps. 1-4. 
Hermann, Paris, 1965. 
4. N. BOURBAKI. “General Topology” (English translation). Addison-Wesley, 
Reading, Massachusetts, 1967. 
5. G. CHOQUET. “Existance et Unicite des Representations Integrals au Moyen des 
Points Extremaux dam les Cones Convexes.” SCminaire Bourbaki (Dec., 1956), 
139, 15 pp. 
6. G. CHOQUET. “Remarques a Propos de le Demonstration de L’Unicite de P. A. 
Meyer,” Seminaire Brelot-Choquet-Deny (Theorie de Potential), 6 (1962) No. 8, 
13 PP. 
7. N. DUNFORD AND J. T. SCHWARTZ. “Linear Operators, Part I.” Interscience, 
New York, 1958. 
8. GO-DIN Hu. Measures in o-topological and topological spaces. Mat. Sborn. Ser. 60 
102 (1963), 257-269. 
9. J. L. KELLEY. “General Topology.” Van Nostrand, New York, 1955. 
10. J. L. KELLEY, I. NAMIOKA, et al. “Linear Topological Spaces.” Van Nostrand, 
New York, 1963. 
11. J. D. KNOWLES. Measures on topological spaces. PYOC. London Math. Sot. Ser. 3, 
18 (1967), 139-156. 
12. E. MARCZEWSKI AND R. SIKORSKI. Measures on non-separable metric spaces. 
Colloq. Math. I-2 (1948), 133-139. 
13. R. R. PHELPS. “Lectures on Choquet’s Theorem.” Van Nostrand, New York, 1966. 
MEASURES AND BARYCENTERS 115 
14. H. H. SCHAEFER. “Topological Vector Spaces.” Macmillan, New York, 1966. 
15. S. ULAM. “Zur Mass-Theorie in der Allgemeinen Mengelehre.” Fund. n/lath. 16 
(1930), pp. 140-150. 
16. V. S. VARADARAJAN. Measures on topological spaces. Am. Math. Sot. Trans., 
Ser. 2, 48 (1965), 161-220. 
17. E. YOSHIDA AND K. HEWITT. Finitely additive measures. Trans. Am. n/lath. Sm. 
72 (1952), 46-66. 
